
Multiple Granularity Online Control of Cloudlet Networks
for Edge Computing

Lei Jiao1, Lingjun Pu2, Lin Wang3, Xiaojun Lin4, Jun Li1

1University of Oregon, USA 2Nankai University, China
3TU Darmstadt, Germany 4Purdue University, USA

IEEE SECON 2018

Multiple Granularity Online Control of Cloudlet Networks for Edge Computing IEEE SECON 2018, Lingjun Pu (NKU)



Network Scenario
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Figure: Typical cloudlet network structure (e.g., Base Stations as cloudlets in C-RAN)

Users:

Connect to a given cloudlet by contracts or principles (i.e., local cloudlet)

Upload a portion of workloads to process at cloudlet on the fly
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Network Scenario

Cloudlet
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Cloudlet (Zoom In)

Figure: Typical cloudlet network structure (e.g., Base Stations as cloudlets in C-RAN)

Cloudlets:

Limited processing capacity

Fast wired connection among cloudlets

User workloads processed at other cooperative cloudlets, not necessarily
the local one
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Network Scenario

Cloudlet
UserNetwork Access

Backhaul

Cloudlet (Zoom In)

Figure: Typical cloudlet network structure (e.g., Base Stations as cloudlets in C-RAN)

Central Controller:

From user perspective → Satisfied QoS (i.e., low latency)

From cloudlet perspective → Satisfied OPEX (i.e., low energy cost)
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Network Scenario

Cloudlet
UserNetwork Access

Backhaul

Cloudlet (Zoom In)

Figure: Typical cloudlet network structure (e.g., Base Stations as cloudlets in C-RAN)

Central Controller:

From user perspective → Satisfied QoS (i.e., low latency)

From cloudlet perspective → Satisfied OPEX (i.e., low energy cost)

Question: How to design a resource allocation policy to jointly achieve them?
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Is It A Novel Question?

Operating cost of activating the servers in cloudlets for time-varying inputs
(i.e., user workloads) + User QoS (i.e., a function of latency)

Inputs for the current time slot are known; future inputs all unknown

One-shot optimum
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Is It A Novel Question?

Operating cost of activating the servers in cloudlets for time-varying inputs
(e.g., user workloads)

Inputs for the current time slot are known; future inputs all unknown

Nontrivial to make good decisions, as any decision for the current time
slot will affect the switching cost between the current time slot and the
next one

Switching cost of turning on/off servers in cloudlets

Server initialization, hardware wear and tear, etc. incurred between two
sequential time slots1

1Dynamic right-sizing for power-proportional data centers. INFOCOM 2011 (best paper award).
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Is It A Novel Question?

Operating cost of activating the servers in cloudlets for time-varying inputs
(e.g., user workloads)

Inputs for the current time slot are known; future inputs all unknown

Nontrivial to make good decisions, as any decision for the current time
slot will affect the switching cost between the current time slot and the
next one

Switching cost of turning on/off servers in cloudlets

Server initialization, hardware wear and tear, etc. incurred between two
sequential time slots1

Twisted with the cloudlet switching cost

Switching cost of turning on/off cloudlets

System cooling, network initialization, user authentication, etc. incurred
between two sequential time slots

Small data centers (less than 500 servers) typically have Power Usage
Effectiveness (PUEs) of 1.5 to 2.1, while large data centers, such as
Google’s, with PUEs as low as 1.12

1Dynamic right-sizing for power-proportional data centers. INFOCOM 2011 (best paper award).
2Shining a Light on Small Data Centers in the US. EEDAL 2017.
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It Is A Novel Question!

Multiple granularity control decisions:

Which cloudlets should be on, how many servers should be on inside each
cloudlet, and how much workloads should go to each cloudlet?

Straightforward ideas (e.g., one-shot optimization) are inefficient:

(a) Following the workload (b) Overprovisioning

Figure: The two (extreme) cases of allocating cloudlets and/or servers
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Problem Formulation and Challenges

The multi-granularity control problem

min P =
∑
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∑
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∑
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∑
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∑
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i (zit − zit−1)+

s. t.
∑

i xijt ≥ λjt , ∀j , ∀t, (1a)

yit ≥ Ri

∑
j xijt , ∀i , ∀t, (1b)

Cizit ≥ yit , ∀i , ∀t, (1c)

xijt ≥ 0, ∀j ,∀i , ∀t, (1d)

zit ≤ 1, ∀i , ∀t, (1e)

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1},∀i , ∀t. (1f)
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Problem Formulation and Challenges

The multi-granularity control problem
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∑

i xijt ≥ λjt , ∀j , ∀t, (1a)

yit ≥ Ri

∑
j xijt , ∀i , ∀t, (1b)

Cizit ≥ yit , ∀i , ∀t, (1c)

xijt ≥ 0, ∀j ,∀i , ∀t, (1d)

zit ≤ 1, ∀i , ∀t, (1e)

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1},∀i , ∀t. (1f)

I: set of cloudlets; J : set of users

System time-slotted t ∈ T def
= {1, 2, ...,T}

dij : delay between cloudlet i ∈ I and user j ∈ J
λjt , j ∈ J , t ∈ T : Workload originated from user j at time t
1
Ri

: the number of requests handled by a single server of cloudlet i
Ci : the total number of servers of cloudlet i
ps
it , c

s
i , ∀i , ∀t: the operating cost for operating one server at cloudlet i at

time t, and the switching cost for turning on one sever at cloudlet i
pb
it , c

b
i , ∀i : the operating cost for operating cloudlet i at time t, and the

switching cost for turning on cloudlet i
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Problem Formulation and Challenges

The multi-granularity control problem

min P =
∑

t
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∑
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yit ≥ Ri

∑
j xijt , ∀i , ∀t, (1b)

Cizit ≥ yit , ∀i , ∀t, (1c)

xijt ≥ 0, ∀j ,∀i , ∀t, (1d)

zit ≤ 1, ∀i , ∀t, (1e)

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1},∀i , ∀t. (1f)

Control decisions:

xijt ≥ 0, ∀i , j , t: the amount of the workload distributed to the cloudlet i
from the user j at the time slot t

yit ∈ {0, 1, 2, 3, ...}, ∀i , t: the number of servers activated at the cloudlet i
at the time slot t

zit ∈ {0, 1}, ∀i ,∀t: whether to activate cloudlet i at the time slot t
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Problem Formulation and Challenges

The multi-granularity control problem
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Cizit ≥ yit , ∀i , ∀t, (1c)

xijt ≥ 0, ∀j ,∀i , ∀t, (1d)

zit ≤ 1, ∀i , ∀t, (1e)

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1},∀i , ∀t. (1f)

The problem P is online.∑
t

∑
i c

s
i (yit − yit−1)+ +

∑
t

∑
i c

b
i (zit − zit−1)+, where (τ)+ def

= max{τ, 0},
couples every two sequential time slots t − 1 and t. At t − 1, without any
knowledge about t, it is nontrivial to make good control decisions.
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Problem Formulation and Challenges

The multi-granularity control problem

min P =
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xijt ≥ 0, ∀j ,∀i , ∀t, (1d)

zit ≤ 1, ∀i , ∀t, (1e)

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1},∀i , ∀t. (1f)

The problem P is non-convex and intractable.

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1}, ∀i , ∀t make a NP-hard problem. It is often
difficult to design approximation algorithms for an “offline” NP-hard problem,
not to mention we are in an “online” setting.
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Problem Formulation and Challenges

The multi-granularity control problem

min P =
∑
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Cizit ≥ yit , ∀i , ∀t, (1c)

xijt ≥ 0, ∀j ,∀i , ∀t, (1d)

zit ≤ 1, ∀i , ∀t, (1e)

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1},∀i , ∀t. (1f)

Main Challenges:

Online: (yit − yit−1)+ and (zit − zit−1)+

Non-convex: (yit − yit−1)+ and (zit − zit−1)+

Intractable: yit ∈ {0, 1, 2, 3, ...} and zit ∈ {0, 1}
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Problem Formulation and Challenges

The multi-granularity control problem
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Cizit ≥ yit , ∀i , ∀t, (1c)

xijt ≥ 0, ∀j ,∀i , ∀t, (1d)

zit ≤ 1, ∀i , ∀t, (1e)

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1},∀i , ∀t. (1f)

Main Challenges:

Online: (yit − yit−1)+ and (zit − zit−1)+

Non-convex: (yit − yit−1)+ and (zit − zit−1)+

Intractable: yit ∈ {0, 1, 2, 3, ...} and zit ∈ {0, 1}
Covering chain of control variables (i.e., 1→z→y→x→λ)
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Basic Ideas (Non-convex)

The original problem

min P =
∑

t

∑
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∑
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s
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s
i (yit − yit−1)+ +

∑
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∑
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b
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s. t. (1a) ∼ (1e),

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1}, ∀i , ∀t.

Non-convex (taking (yit − yit−1)+ as the example):

(yit − yit−1)+ can be approximately interpreted as the L1-distance

The relative entropy is an efficient alternative regularizer to the
L1-distance in online learning problems

The relative entropy (yit + ε) ln yit+ε
yit−1+ε

− yit , which is convex, is

introduced to substitute (yit − yit−1)+

(ε is an arbitrary positive value to guarantee the non-zero denominator)
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Basic Ideas (Non-convex)

The regularized problem P̃

min P̃ =
∑
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∑
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(
(yit + ε) ln yit+ε
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− yit

)
+
∑

t

∑
i

cbi
σ′

(
(zit + ε) ln zit+ε

zit−1+ε
− zit

)
s. t. (1a) ∼ (1e),

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1}, ∀i , ∀t.

Non-convex (taking (yit − yit−1)+ as the example):

(yit − yit−1)+ can be approximately interpreted as the L1-distance

The relative entropy is an efficient alternative regularizer to the
L1-distance in online learning problems

The relative entropy (yit + ε) ln yit+ε
yit−1+ε

− yit , which is convex, is

introduced to substitute (yit − yit−1)+

(ε is an arbitrary positive value to guarantee the non-zero denominator)

σi set to ln(1 + Ci
ε

) and σ′ set to ln(1 + 1
ε

) which are used in the
performance analysis
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Basic Ideas (Online)

The regularized problem P̃

min P̃ =
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)
s. t. (1a) ∼ (1e),

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1}, ∀i , ∀t.

Online:

If we can optimally solve the one-shot regularized problem at any a time
slot, then we can prove that

∑
t P̃∗t ≤ r1POPT (r1 is competitive ratio)
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Basic Ideas (Online)

The regularized problem P̃t, ∀t

min P̃t =
∑
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− yit

)
+
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i

cbi
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(
(zit + ε) ln zit+ε

zit−1+ε
− zit

)
s. t. (1a) ∼ (1e),without “∀t”

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1}, ∀i .

Online:

If we can optimally solve the one-shot regularized problem, then we can
prove that

∑
t P̃∗t ≤ r1POPT (r1 is competitive ratio)

But how to (optimally or approximately) solve that problem in
polynomial time??
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Basic Ideas (Intractable)

The regularized problem P̃t, ∀t

min P̃t =
∑
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∑
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)
s. t. (1a) ∼ (1e),without “∀t”

yit ∈ {0, 1, 2, 3, ...}, zit ∈ {0, 1}, ∀i .

Intractable:

Relax the integer variables y , z to take real values
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Basic Ideas (Intractable)

The regularized and relaxed problem P̃′t, ∀t

min P̃′t =
∑

i

∑
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∑
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(
(zit + ε) ln zit+ε

zit−1+ε
− zit

)
s. t. (1a) ∼ (1e),without “∀t”

yit ≥ 0, zit ∈ [0, 1], ∀i .

Intractable:

Relax the integer variables to real ones

Invoke interior point methods to “optimally” solve the relaxed convex
problem {x̃t, ỹt, z̃t} in polynomial time
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Basic Ideas (Intractable)

The regularized and relaxed problem P̃′t, ∀t

min P̃′t =
∑

i

∑
j dijxijt +

∑
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∑
t
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− yit

)
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(
(zit + ε) ln zit+ε

zit−1+ε
− zit

)
s. t. (1a) ∼ (1e),without “∀t”

yit ≥ 0, zit ∈ [0, 1], ∀i .

Intractable:

Relax the integer variables y , z to take real values

Invoke interior point methods to “optimally” solve the relaxed convex
problem {x̃t, ỹt, z̃t} in polynomial time

Rounding the fractional z and y sequentially to generate the final solution
{x∗∗t , ȳt, z̄t}
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Online Algorithm

The regularized and relaxed problem P̃′t, ∀t

min P̃′t =
∑

i

∑
j dijxijt +

∑
i p

s
ityit +

∑
t

∑
i p

b
itzit

+
∑

i

csi
σi

(
(yit + ε) ln yit+ε

yit−1+ε
− yit

)
+
∑

i

cbi
σ′

(
(zit + ε) ln zit+ε

zit−1+ε
− zit

)
s. t. (1a) ∼ (1e),without “∀t”

yit ≥ 0, zit ∈ [0, 1], ∀i .

Algorithm 1: Online algorithm, ∀t

1 Solve P̃′t to obtain its solution (x̃t, ỹt, z̃t);
2 Invoke Algorithm 2 to round (x̃t, ỹt, z̃t) to (x̃t, ỹt, z̄t);

3 Fix (z̄t), solve P̃′t to obtain its solution (x∗t , y
∗
t , z̄t);

4 Invoke Algorithm 2 to round (x∗t , y
∗
t , z̄t) to (x∗t , ȳt, z̄t);

5 Fix (ȳt, z̄t), solve P̃′t to obtain its solution (x∗∗t , ȳt, z̄t).
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Nontrivial Rounding Algorithm (i.e., Algorithm 2)

Rounding each control variable independently is not a good choice:

all variables are rounded up → inefficient

all variables are rounded down → infeasible

all variables are rounded with their fractional values → maybe infeasible
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Nontrivial Rounding Algorithm (i.e., Algorithm 2)

Rounding each control variable independently is not a good choice:

all variables are rounded up → inefficient

all variables are rounded down → infeasible

all variables are rounded with their fractional values → maybe infeasible

A feasible and efficient rounding algorithm is required!
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Nontrivial Rounding Algorithm (i.e., Algorithm 2)

Rounding each control variable independently is not a good choice:

all variables are rounded up → inefficient

all variables are rounded down → infeasible

all variables are rounded with their fractional values → maybe infeasible

We introduce a randomized dependent rounding algorithm:

Basic idea: compensate the round-down variables with the round-up ones

Require to round the outermost variables sequentially, due to the covering
chain of control variables
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Nontrivial Rounding Algorithm (i.e., Algorithm 2)

We introduce a randomized dependent rounding algorithm:

Basic idea: compensate the round-down variables with the round-up ones

Require to round the outermost variables (i.e., z), due to the covering
chain of control variables

Take θ1 = 0.8, θ2 = 0.6 as example:

we want θ1 = 1, θ2 = 0.4 with a given probability p or θ1 = 0.4, θ2 = 1
with the probability 1− p

we do not want θ1 = 1.4, θ2 = 0 or θ1 = 0, θ2 = 1.4
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Nontrivial Rounding Algorithm (i.e., Algorithm 2)

We introduce a randomized dependent rounding algorithm:

Compensate the round-down variables with the round-up ones
Require to round the outermost variables (i.e., z), due to the covering
chain of control variables

Take θ1 = 0.8, θ2 = 0.6 as example:

we want θ1 = 1, θ2 = 0.4 with a given probability p or θ1 = 0.4, θ2 = 1
with the probability 1− p
we do not want θ1 = 1.4, θ2 = 0 or θ1 = 0, θ2 = 1.4
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<latexit sha1_base64="wujMXebx8TsspafpdMZUJHuQhKo=">AAAB+3icbVA9TwJBEN3DL8QvxNJmI5hYkTsaLYk2lpgImMDlsrfMwYa9j+zOGcnl/oqNhcbY+kfs/DcucIWCL5nk5b2ZzMzzEyk02va3VdrY3NreKe9W9vYPDo+qx7WejlPFoctjGasHn2mQIoIuCpTwkChgoS+h709v5n7/EZQWcXSPswTckI0jEQjO0EhetdYY4gSQUS/LhOfkmDe8at1u2gvQdeIUpE4KdLzq13AU8zSECLlkWg8cO0E3YwoFl5BXhqmGhPEpG8PA0IiFoN1scXtOz40yokGsTEVIF+rviYyFWs9C33SGDCd61ZuL/3mDFIMrNxNRkiJEfLkoSCXFmM6DoCOhgKOcGcK4EuZWyidMMY4mrooJwVl9eZ30Wk3Hbjp3rXr7uoijTE7JGbkgDrkkbXJLOqRLOHkiz+SVvFm59WK9Wx/L1pJVzJyQP7A+fwBPM5Pz</latexit><latexit sha1_base64="wujMXebx8TsspafpdMZUJHuQhKo=">AAAB+3icbVA9TwJBEN3DL8QvxNJmI5hYkTsaLYk2lpgImMDlsrfMwYa9j+zOGcnl/oqNhcbY+kfs/DcucIWCL5nk5b2ZzMzzEyk02va3VdrY3NreKe9W9vYPDo+qx7WejlPFoctjGasHn2mQIoIuCpTwkChgoS+h709v5n7/EZQWcXSPswTckI0jEQjO0EhetdYY4gSQUS/LhOfkmDe8at1u2gvQdeIUpE4KdLzq13AU8zSECLlkWg8cO0E3YwoFl5BXhqmGhPEpG8PA0IiFoN1scXtOz40yokGsTEVIF+rviYyFWs9C33SGDCd61ZuL/3mDFIMrNxNRkiJEfLkoSCXFmM6DoCOhgKOcGcK4EuZWyidMMY4mrooJwVl9eZ30Wk3Hbjp3rXr7uoijTE7JGbkgDrkkbXJLOqRLOHkiz+SVvFm59WK9Wx/L1pJVzJyQP7A+fwBPM5Pz</latexit><latexit sha1_base64="wujMXebx8TsspafpdMZUJHuQhKo=">AAAB+3icbVA9TwJBEN3DL8QvxNJmI5hYkTsaLYk2lpgImMDlsrfMwYa9j+zOGcnl/oqNhcbY+kfs/DcucIWCL5nk5b2ZzMzzEyk02va3VdrY3NreKe9W9vYPDo+qx7WejlPFoctjGasHn2mQIoIuCpTwkChgoS+h709v5n7/EZQWcXSPswTckI0jEQjO0EhetdYY4gSQUS/LhOfkmDe8at1u2gvQdeIUpE4KdLzq13AU8zSECLlkWg8cO0E3YwoFl5BXhqmGhPEpG8PA0IiFoN1scXtOz40yokGsTEVIF+rviYyFWs9C33SGDCd61ZuL/3mDFIMrNxNRkiJEfLkoSCXFmM6DoCOhgKOcGcK4EuZWyidMMY4mrooJwVl9eZ30Wk3Hbjp3rXr7uoijTE7JGbkgDrkkbXJLOqRLOHkiz+SVvFm59WK9Wx/L1pJVzJyQP7A+fwBPM5Pz</latexit><latexit sha1_base64="wujMXebx8TsspafpdMZUJHuQhKo=">AAAB+3icbVA9TwJBEN3DL8QvxNJmI5hYkTsaLYk2lpgImMDlsrfMwYa9j+zOGcnl/oqNhcbY+kfs/DcucIWCL5nk5b2ZzMzzEyk02va3VdrY3NreKe9W9vYPDo+qx7WejlPFoctjGasHn2mQIoIuCpTwkChgoS+h709v5n7/EZQWcXSPswTckI0jEQjO0EhetdYY4gSQUS/LhOfkmDe8at1u2gvQdeIUpE4KdLzq13AU8zSECLlkWg8cO0E3YwoFl5BXhqmGhPEpG8PA0IiFoN1scXtOz40yokGsTEVIF+rviYyFWs9C33SGDCd61ZuL/3mDFIMrNxNRkiJEfLkoSCXFmM6DoCOhgKOcGcK4EuZWyidMMY4mrooJwVl9eZ30Wk3Hbjp3rXr7uoijTE7JGbkgDrkkbXJLOqRLOHkiz+SVvFm59WK9Wx/L1pJVzJyQP7A+fwBPM5Pz</latexit> ✓i2t

<latexit sha1_base64="2eQq4WoiPG1FxmC25vS/X5omW0Y=">AAAB+3icbVA9TwJBEJ3DL8SvE0ubjWBiRe5otCTaWGIiYAKXy96ywIa9j+zOGcnl/oqNhcbY+kfs/DcucIWCL5nk5b2ZzMwLEik0Os63VdrY3NreKe9W9vYPDo/s42pXx6livMNiGauHgGouRcQ7KFDyh0RxGgaS94LpzdzvPXKlRRzd4yzhXkjHkRgJRtFIvl2tD3DCkRI/y4TfzDGv+3bNaTgLkHXiFqQGBdq+/TUYxiwNeYRMUq37rpOgl1GFgkmeVwap5gllUzrmfUMjGnLtZYvbc3JulCEZxcpUhGSh/p7IaKj1LAxMZ0hxole9ufif109xdOVlIkpS5BFbLhqlkmBM5kGQoVCcoZwZQpkS5lbCJlRRhiauignBXX15nXSbDddpuHfNWuu6iKMMp3AGF+DCJbTgFtrQAQZP8Ayv8Gbl1ov1bn0sW0tWMXMCf2B9/gBQu5P0</latexit><latexit sha1_base64="2eQq4WoiPG1FxmC25vS/X5omW0Y=">AAAB+3icbVA9TwJBEJ3DL8SvE0ubjWBiRe5otCTaWGIiYAKXy96ywIa9j+zOGcnl/oqNhcbY+kfs/DcucIWCL5nk5b2ZzMwLEik0Os63VdrY3NreKe9W9vYPDo/s42pXx6livMNiGauHgGouRcQ7KFDyh0RxGgaS94LpzdzvPXKlRRzd4yzhXkjHkRgJRtFIvl2tD3DCkRI/y4TfzDGv+3bNaTgLkHXiFqQGBdq+/TUYxiwNeYRMUq37rpOgl1GFgkmeVwap5gllUzrmfUMjGnLtZYvbc3JulCEZxcpUhGSh/p7IaKj1LAxMZ0hxole9ufif109xdOVlIkpS5BFbLhqlkmBM5kGQoVCcoZwZQpkS5lbCJlRRhiauignBXX15nXSbDddpuHfNWuu6iKMMp3AGF+DCJbTgFtrQAQZP8Ayv8Gbl1ov1bn0sW0tWMXMCf2B9/gBQu5P0</latexit><latexit sha1_base64="2eQq4WoiPG1FxmC25vS/X5omW0Y=">AAAB+3icbVA9TwJBEJ3DL8SvE0ubjWBiRe5otCTaWGIiYAKXy96ywIa9j+zOGcnl/oqNhcbY+kfs/DcucIWCL5nk5b2ZzMwLEik0Os63VdrY3NreKe9W9vYPDo/s42pXx6livMNiGauHgGouRcQ7KFDyh0RxGgaS94LpzdzvPXKlRRzd4yzhXkjHkRgJRtFIvl2tD3DCkRI/y4TfzDGv+3bNaTgLkHXiFqQGBdq+/TUYxiwNeYRMUq37rpOgl1GFgkmeVwap5gllUzrmfUMjGnLtZYvbc3JulCEZxcpUhGSh/p7IaKj1LAxMZ0hxole9ufif109xdOVlIkpS5BFbLhqlkmBM5kGQoVCcoZwZQpkS5lbCJlRRhiauignBXX15nXSbDddpuHfNWuu6iKMMp3AGF+DCJbTgFtrQAQZP8Ayv8Gbl1ov1bn0sW0tWMXMCf2B9/gBQu5P0</latexit><latexit sha1_base64="2eQq4WoiPG1FxmC25vS/X5omW0Y=">AAAB+3icbVA9TwJBEJ3DL8SvE0ubjWBiRe5otCTaWGIiYAKXy96ywIa9j+zOGcnl/oqNhcbY+kfs/DcucIWCL5nk5b2ZzMwLEik0Os63VdrY3NreKe9W9vYPDo/s42pXx6livMNiGauHgGouRcQ7KFDyh0RxGgaS94LpzdzvPXKlRRzd4yzhXkjHkRgJRtFIvl2tD3DCkRI/y4TfzDGv+3bNaTgLkHXiFqQGBdq+/TUYxiwNeYRMUq37rpOgl1GFgkmeVwap5gllUzrmfUMjGnLtZYvbc3JulCEZxcpUhGSh/p7IaKj1LAxMZ0hxole9ufif109xdOVlIkpS5BFbLhqlkmBM5kGQoVCcoZwZQpkS5lbCJlRRhiauignBXX15nXSbDddpuHfNWuu6iKMMp3AGF+DCJbTgFtrQAQZP8Ayv8Gbl1ov1bn0sW0tWMXMCf2B9/gBQu5P0</latexit>

!1 = min{1 � ✓i1t, ✓i2t}
<latexit sha1_base64="7WXGIVMqQfDPebYaZJqUBmVirOc=">AAACJHicbZBNSysxFIYz6vWjerXq0k2wCi7uLZNuFEQounGpYFXolCGTnrbBJDMkZ4QyzI9x419x48IPXLjxt5jWLvx6IfDynHM4OW+SKekwDF+DqemZP7Nz8wuVxaW/yyvV1bVzl+ZWQEukKrWXCXegpIEWSlRwmVngOlFwkVwdjeoX12CdTM0ZDjPoaN43sicFR4/i6v5WlGrocxozekAjLQ2NCvY/wgGgh0UhY1Zi+Y9+Jg1PonIrrtbCejgW/WnYxNTIRCdx9SnqpiLXYFAo7lybhRl2Cm5RCgVlJcodZFxc8T60vTVcg+sU4yNLuu1Jl/ZS659BOqafJwqunRvqxHdqjgP3vTaCv9XaOfb2OoU0WY5gxMeiXq4opnSUGO1KCwLV0BsurPR/pWLALRfoc634ENj3k3+a80adhXV22qg1DydxzJMNskl2CCO7pEmOyQlpEUFuyB15II/BbXAfPAcvH61TwWRmnXxR8PYOfUCjiA==</latexit><latexit sha1_base64="7WXGIVMqQfDPebYaZJqUBmVirOc=">AAACJHicbZBNSysxFIYz6vWjerXq0k2wCi7uLZNuFEQounGpYFXolCGTnrbBJDMkZ4QyzI9x419x48IPXLjxt5jWLvx6IfDynHM4OW+SKekwDF+DqemZP7Nz8wuVxaW/yyvV1bVzl+ZWQEukKrWXCXegpIEWSlRwmVngOlFwkVwdjeoX12CdTM0ZDjPoaN43sicFR4/i6v5WlGrocxozekAjLQ2NCvY/wgGgh0UhY1Zi+Y9+Jg1PonIrrtbCejgW/WnYxNTIRCdx9SnqpiLXYFAo7lybhRl2Cm5RCgVlJcodZFxc8T60vTVcg+sU4yNLuu1Jl/ZS659BOqafJwqunRvqxHdqjgP3vTaCv9XaOfb2OoU0WY5gxMeiXq4opnSUGO1KCwLV0BsurPR/pWLALRfoc634ENj3k3+a80adhXV22qg1DydxzJMNskl2CCO7pEmOyQlpEUFuyB15II/BbXAfPAcvH61TwWRmnXxR8PYOfUCjiA==</latexit><latexit sha1_base64="7WXGIVMqQfDPebYaZJqUBmVirOc=">AAACJHicbZBNSysxFIYz6vWjerXq0k2wCi7uLZNuFEQounGpYFXolCGTnrbBJDMkZ4QyzI9x419x48IPXLjxt5jWLvx6IfDynHM4OW+SKekwDF+DqemZP7Nz8wuVxaW/yyvV1bVzl+ZWQEukKrWXCXegpIEWSlRwmVngOlFwkVwdjeoX12CdTM0ZDjPoaN43sicFR4/i6v5WlGrocxozekAjLQ2NCvY/wgGgh0UhY1Zi+Y9+Jg1PonIrrtbCejgW/WnYxNTIRCdx9SnqpiLXYFAo7lybhRl2Cm5RCgVlJcodZFxc8T60vTVcg+sU4yNLuu1Jl/ZS659BOqafJwqunRvqxHdqjgP3vTaCv9XaOfb2OoU0WY5gxMeiXq4opnSUGO1KCwLV0BsurPR/pWLALRfoc634ENj3k3+a80adhXV22qg1DydxzJMNskl2CCO7pEmOyQlpEUFuyB15II/BbXAfPAcvH61TwWRmnXxR8PYOfUCjiA==</latexit><latexit sha1_base64="7WXGIVMqQfDPebYaZJqUBmVirOc=">AAACJHicbZBNSysxFIYz6vWjerXq0k2wCi7uLZNuFEQounGpYFXolCGTnrbBJDMkZ4QyzI9x419x48IPXLjxt5jWLvx6IfDynHM4OW+SKekwDF+DqemZP7Nz8wuVxaW/yyvV1bVzl+ZWQEukKrWXCXegpIEWSlRwmVngOlFwkVwdjeoX12CdTM0ZDjPoaN43sicFR4/i6v5WlGrocxozekAjLQ2NCvY/wgGgh0UhY1Zi+Y9+Jg1PonIrrtbCejgW/WnYxNTIRCdx9SnqpiLXYFAo7lybhRl2Cm5RCgVlJcodZFxc8T60vTVcg+sU4yNLuu1Jl/ZS659BOqafJwqunRvqxHdqjgP3vTaCv9XaOfb2OoU0WY5gxMeiXq4opnSUGO1KCwLV0BsurPR/pWLALRfoc634ENj3k3+a80adhXV22qg1DydxzJMNskl2CCO7pEmOyQlpEUFuyB15II/BbXAfPAcvH61TwWRmnXxR8PYOfUCjiA==</latexit>

!2 = min{✓i1t, 1 � ✓i2t}
<latexit sha1_base64="4KkcAnAfUrF0yzH5jSvJLIjMnCo=">AAACJHicbZDLSgMxFIYz3q23qks3wSq40DLTjYIIRTcuFWwVOmXIpKdtMMkMyRmhDPMwbnwVNy684MKNz2J6WXj7IfDznXM4OX+cSmHR9z+8qemZ2bn5hcXS0vLK6lp5faNpk8xwaPBEJuYmZhak0NBAgRJuUgNMxRKu49uzYf36DowVib7CQQptxXpadAVn6FBUPt4JEwU9RqMaPaGhEpqGeYh9QIfyXERBgcU+DQ6+s5pjYbETlSt+1R+J/jXBxFTIRBdR+TXsJDxToJFLZm0r8FNs58yg4BKKUphZSBm/ZT1oOauZAtvOR0cWdNeRDu0mxj2NdES/T+RMWTtQsetUDPv2d20I/6u1MuwetXOh0wxB8/GibiYpJnSYGO0IAxzlwBnGjXB/pbzPDOPoci25EILfJ/81zVo18KvBZa1SP53EsUC2yDbZIwE5JHVyTi5Ig3ByTx7JM3nxHrwn7817H7dOeZOZTfJD3ucXhY2jiQ==</latexit><latexit sha1_base64="4KkcAnAfUrF0yzH5jSvJLIjMnCo=">AAACJHicbZDLSgMxFIYz3q23qks3wSq40DLTjYIIRTcuFWwVOmXIpKdtMMkMyRmhDPMwbnwVNy684MKNz2J6WXj7IfDznXM4OX+cSmHR9z+8qemZ2bn5hcXS0vLK6lp5faNpk8xwaPBEJuYmZhak0NBAgRJuUgNMxRKu49uzYf36DowVib7CQQptxXpadAVn6FBUPt4JEwU9RqMaPaGhEpqGeYh9QIfyXERBgcU+DQ6+s5pjYbETlSt+1R+J/jXBxFTIRBdR+TXsJDxToJFLZm0r8FNs58yg4BKKUphZSBm/ZT1oOauZAtvOR0cWdNeRDu0mxj2NdES/T+RMWTtQsetUDPv2d20I/6u1MuwetXOh0wxB8/GibiYpJnSYGO0IAxzlwBnGjXB/pbzPDOPoci25EILfJ/81zVo18KvBZa1SP53EsUC2yDbZIwE5JHVyTi5Ig3ByTx7JM3nxHrwn7817H7dOeZOZTfJD3ucXhY2jiQ==</latexit><latexit sha1_base64="4KkcAnAfUrF0yzH5jSvJLIjMnCo=">AAACJHicbZDLSgMxFIYz3q23qks3wSq40DLTjYIIRTcuFWwVOmXIpKdtMMkMyRmhDPMwbnwVNy684MKNz2J6WXj7IfDznXM4OX+cSmHR9z+8qemZ2bn5hcXS0vLK6lp5faNpk8xwaPBEJuYmZhak0NBAgRJuUgNMxRKu49uzYf36DowVib7CQQptxXpadAVn6FBUPt4JEwU9RqMaPaGhEpqGeYh9QIfyXERBgcU+DQ6+s5pjYbETlSt+1R+J/jXBxFTIRBdR+TXsJDxToJFLZm0r8FNs58yg4BKKUphZSBm/ZT1oOauZAtvOR0cWdNeRDu0mxj2NdES/T+RMWTtQsetUDPv2d20I/6u1MuwetXOh0wxB8/GibiYpJnSYGO0IAxzlwBnGjXB/pbzPDOPoci25EILfJ/81zVo18KvBZa1SP53EsUC2yDbZIwE5JHVyTi5Ig3ByTx7JM3nxHrwn7817H7dOeZOZTfJD3ucXhY2jiQ==</latexit><latexit sha1_base64="4KkcAnAfUrF0yzH5jSvJLIjMnCo=">AAACJHicbZDLSgMxFIYz3q23qks3wSq40DLTjYIIRTcuFWwVOmXIpKdtMMkMyRmhDPMwbnwVNy684MKNz2J6WXj7IfDznXM4OX+cSmHR9z+8qemZ2bn5hcXS0vLK6lp5faNpk8xwaPBEJuYmZhak0NBAgRJuUgNMxRKu49uzYf36DowVib7CQQptxXpadAVn6FBUPt4JEwU9RqMaPaGhEpqGeYh9QIfyXERBgcU+DQ6+s5pjYbETlSt+1R+J/jXBxFTIRBdR+TXsJDxToJFLZm0r8FNs58yg4BKKUphZSBm/ZT1oOauZAtvOR0cWdNeRDu0mxj2NdES/T+RMWTtQsetUDPv2d20I/6u1MuwetXOh0wxB8/GibiYpJnSYGO0IAxzlwBnGjXB/pbzPDOPoci25EILfJ/81zVo18KvBZa1SP53EsUC2yDbZIwE5JHVyTi5Ig3ByTx7JM3nxHrwn7817H7dOeZOZTfJD3ucXhY2jiQ==</latexit>

✓0i1t = ✓i1t + !1
<latexit sha1_base64="8VK5A+bGCCqzJW6ld0ZfpD6wMlw=">AAACG3icbZDJSgNBEIZ7XGPcoh69NCaiIISZXPQiBL14jGAWyAxDT6eSNOlZ6K4RwpD38OKrePGgiCfBg29jZznExB8afr6qorr+IJFCo23/WCura+sbm7mt/PbO7t5+4eCwoeNUcajzWMaqFTANUkRQR4ESWokCFgYSmsHgdlxvPoLSIo4ecJiAF7JeJLqCMzTIL1RKLvYB2Rn1s0z4zghH9JpO2Ry6oG4cQs8gp+QXinbZnoguG2dmimSmml/4cjsxT0OIkEumdduxE/QyplBwCaO8m2pIGB+wHrSNjVgI2ssmt43oqSEd2o2VeRHSCZ2fyFio9TAMTGfIsK8Xa2P4X62dYvfKy0SUpAgRny7qppJiTMdB0Y5QwFEOjWFcCfNXyvtMMY4mzrwJwVk8edk0KmXHLjv3lWL1ZhZHjhyTE3JOHHJJquSO1EidcPJEXsgbebeerVfrw/qctq5Ys5kj8kfW9y9DDp+l</latexit><latexit sha1_base64="8VK5A+bGCCqzJW6ld0ZfpD6wMlw=">AAACG3icbZDJSgNBEIZ7XGPcoh69NCaiIISZXPQiBL14jGAWyAxDT6eSNOlZ6K4RwpD38OKrePGgiCfBg29jZznExB8afr6qorr+IJFCo23/WCura+sbm7mt/PbO7t5+4eCwoeNUcajzWMaqFTANUkRQR4ESWokCFgYSmsHgdlxvPoLSIo4ecJiAF7JeJLqCMzTIL1RKLvYB2Rn1s0z4zghH9JpO2Ry6oG4cQs8gp+QXinbZnoguG2dmimSmml/4cjsxT0OIkEumdduxE/QyplBwCaO8m2pIGB+wHrSNjVgI2ssmt43oqSEd2o2VeRHSCZ2fyFio9TAMTGfIsK8Xa2P4X62dYvfKy0SUpAgRny7qppJiTMdB0Y5QwFEOjWFcCfNXyvtMMY4mzrwJwVk8edk0KmXHLjv3lWL1ZhZHjhyTE3JOHHJJquSO1EidcPJEXsgbebeerVfrw/qctq5Ys5kj8kfW9y9DDp+l</latexit><latexit sha1_base64="8VK5A+bGCCqzJW6ld0ZfpD6wMlw=">AAACG3icbZDJSgNBEIZ7XGPcoh69NCaiIISZXPQiBL14jGAWyAxDT6eSNOlZ6K4RwpD38OKrePGgiCfBg29jZznExB8afr6qorr+IJFCo23/WCura+sbm7mt/PbO7t5+4eCwoeNUcajzWMaqFTANUkRQR4ESWokCFgYSmsHgdlxvPoLSIo4ecJiAF7JeJLqCMzTIL1RKLvYB2Rn1s0z4zghH9JpO2Ry6oG4cQs8gp+QXinbZnoguG2dmimSmml/4cjsxT0OIkEumdduxE/QyplBwCaO8m2pIGB+wHrSNjVgI2ssmt43oqSEd2o2VeRHSCZ2fyFio9TAMTGfIsK8Xa2P4X62dYvfKy0SUpAgRny7qppJiTMdB0Y5QwFEOjWFcCfNXyvtMMY4mzrwJwVk8edk0KmXHLjv3lWL1ZhZHjhyTE3JOHHJJquSO1EidcPJEXsgbebeerVfrw/qctq5Ys5kj8kfW9y9DDp+l</latexit><latexit sha1_base64="8VK5A+bGCCqzJW6ld0ZfpD6wMlw=">AAACG3icbZDJSgNBEIZ7XGPcoh69NCaiIISZXPQiBL14jGAWyAxDT6eSNOlZ6K4RwpD38OKrePGgiCfBg29jZznExB8afr6qorr+IJFCo23/WCura+sbm7mt/PbO7t5+4eCwoeNUcajzWMaqFTANUkRQR4ESWokCFgYSmsHgdlxvPoLSIo4ecJiAF7JeJLqCMzTIL1RKLvYB2Rn1s0z4zghH9JpO2Ry6oG4cQs8gp+QXinbZnoguG2dmimSmml/4cjsxT0OIkEumdduxE/QyplBwCaO8m2pIGB+wHrSNjVgI2ssmt43oqSEd2o2VeRHSCZ2fyFio9TAMTGfIsK8Xa2P4X62dYvfKy0SUpAgRny7qppJiTMdB0Y5QwFEOjWFcCfNXyvtMMY4mzrwJwVk8edk0KmXHLjv3lWL1ZhZHjhyTE3JOHHJJquSO1EidcPJEXsgbebeerVfrw/qctq5Ys5kj8kfW9y9DDp+l</latexit>

✓0i2t = ✓i2t � !1
<latexit sha1_base64="5D8ZPHeY0O2rc3oBff6hfZgT/3w=">AAACG3icbZC7SgNBFIZnvcZ4W7W0GUxEG8NuGm2EoI1lBHOBbFhmJyfJkNkLM2eFsOQ9bHwVGwtFrAQL38bJpYiJPwz8fOcczpw/SKTQ6Dg/1srq2vrGZm4rv72zu7dvHxzWdZwqDjUey1g1A6ZBighqKFBCM1HAwkBCIxjcjuuNR1BaxNEDDhNoh6wXia7gDA3y7XLRwz4gO6N+lgm/PMIRvaZTNocuqBeH0DPILfp2wSk5E9Fl485MgcxU9e0vrxPzNIQIuWRat1wnwXbGFAouYZT3Ug0J4wPWg5axEQtBt7PJbSN6akiHdmNlXoR0QucnMhZqPQwD0xky7OvF2hj+V2ul2L1qZyJKUoSITxd1U0kxpuOgaEco4CiHxjCuhPkr5X2mGEcTZ96E4C6evGzq5ZLrlNz7cqFyM4sjR47JCTknLrkkFXJHqqRGOHkiL+SNvFvP1qv1YX1OW1es2cwR+SPr+xdJZ5+p</latexit><latexit sha1_base64="5D8ZPHeY0O2rc3oBff6hfZgT/3w=">AAACG3icbZC7SgNBFIZnvcZ4W7W0GUxEG8NuGm2EoI1lBHOBbFhmJyfJkNkLM2eFsOQ9bHwVGwtFrAQL38bJpYiJPwz8fOcczpw/SKTQ6Dg/1srq2vrGZm4rv72zu7dvHxzWdZwqDjUey1g1A6ZBighqKFBCM1HAwkBCIxjcjuuNR1BaxNEDDhNoh6wXia7gDA3y7XLRwz4gO6N+lgm/PMIRvaZTNocuqBeH0DPILfp2wSk5E9Fl485MgcxU9e0vrxPzNIQIuWRat1wnwXbGFAouYZT3Ug0J4wPWg5axEQtBt7PJbSN6akiHdmNlXoR0QucnMhZqPQwD0xky7OvF2hj+V2ul2L1qZyJKUoSITxd1U0kxpuOgaEco4CiHxjCuhPkr5X2mGEcTZ96E4C6evGzq5ZLrlNz7cqFyM4sjR47JCTknLrkkFXJHqqRGOHkiL+SNvFvP1qv1YX1OW1es2cwR+SPr+xdJZ5+p</latexit><latexit sha1_base64="5D8ZPHeY0O2rc3oBff6hfZgT/3w=">AAACG3icbZC7SgNBFIZnvcZ4W7W0GUxEG8NuGm2EoI1lBHOBbFhmJyfJkNkLM2eFsOQ9bHwVGwtFrAQL38bJpYiJPwz8fOcczpw/SKTQ6Dg/1srq2vrGZm4rv72zu7dvHxzWdZwqDjUey1g1A6ZBighqKFBCM1HAwkBCIxjcjuuNR1BaxNEDDhNoh6wXia7gDA3y7XLRwz4gO6N+lgm/PMIRvaZTNocuqBeH0DPILfp2wSk5E9Fl485MgcxU9e0vrxPzNIQIuWRat1wnwXbGFAouYZT3Ug0J4wPWg5axEQtBt7PJbSN6akiHdmNlXoR0QucnMhZqPQwD0xky7OvF2hj+V2ul2L1qZyJKUoSITxd1U0kxpuOgaEco4CiHxjCuhPkr5X2mGEcTZ96E4C6evGzq5ZLrlNz7cqFyM4sjR47JCTknLrkkFXJHqqRGOHkiL+SNvFvP1qv1YX1OW1es2cwR+SPr+xdJZ5+p</latexit><latexit sha1_base64="5D8ZPHeY0O2rc3oBff6hfZgT/3w=">AAACG3icbZC7SgNBFIZnvcZ4W7W0GUxEG8NuGm2EoI1lBHOBbFhmJyfJkNkLM2eFsOQ9bHwVGwtFrAQL38bJpYiJPwz8fOcczpw/SKTQ6Dg/1srq2vrGZm4rv72zu7dvHxzWdZwqDjUey1g1A6ZBighqKFBCM1HAwkBCIxjcjuuNR1BaxNEDDhNoh6wXia7gDA3y7XLRwz4gO6N+lgm/PMIRvaZTNocuqBeH0DPILfp2wSk5E9Fl485MgcxU9e0vrxPzNIQIuWRat1wnwXbGFAouYZT3Ug0J4wPWg5axEQtBt7PJbSN6akiHdmNlXoR0QucnMhZqPQwD0xky7OvF2hj+V2ul2L1qZyJKUoSITxd1U0kxpuOgaEco4CiHxjCuhPkr5X2mGEcTZ96E4C6evGzq5ZLrlNz7cqFyM4sjR47JCTknLrkkFXJHqqRGOHkiL+SNvFvP1qv1YX1OW1es2cwR+SPr+xdJZ5+p</latexit>

✓0i1t = ✓i1t � !2
<latexit sha1_base64="hcpUzdUZlrf3sMB+59S2MUmwk8k=">AAACG3icbZC7SgNBFIZnvcZ4W7W0GUxEG8NuGm2EoI1lBHOBbFhmJyfJkNkLM2eFsOQ9bHwVGwtFrAQL38bJpYiJPwz8fOcczpw/SKTQ6Dg/1srq2vrGZm4rv72zu7dvHxzWdZwqDjUey1g1A6ZBighqKFBCM1HAwkBCIxjcjuuNR1BaxNEDDhNoh6wXia7gDA3y7XLRwz4gO6N+lgnfHeGIXtMpm0MX1ItD6BlULvp2wSk5E9Fl485MgcxU9e0vrxPzNIQIuWRat1wnwXbGFAouYZT3Ug0J4wPWg5axEQtBt7PJbSN6akiHdmNlXoR0QucnMhZqPQwD0xky7OvF2hj+V2ul2L1qZyJKUoSITxd1U0kxpuOgaEco4CiHxjCuhPkr5X2mGEcTZ96E4C6evGzq5ZLrlNz7cqFyM4sjR47JCTknLrkkFXJHqqRGOHkiL+SNvFvP1qv1YX1OW1es2cwR+SPr+xdHsZ+o</latexit><latexit sha1_base64="hcpUzdUZlrf3sMB+59S2MUmwk8k=">AAACG3icbZC7SgNBFIZnvcZ4W7W0GUxEG8NuGm2EoI1lBHOBbFhmJyfJkNkLM2eFsOQ9bHwVGwtFrAQL38bJpYiJPwz8fOcczpw/SKTQ6Dg/1srq2vrGZm4rv72zu7dvHxzWdZwqDjUey1g1A6ZBighqKFBCM1HAwkBCIxjcjuuNR1BaxNEDDhNoh6wXia7gDA3y7XLRwz4gO6N+lgnfHeGIXtMpm0MX1ItD6BlULvp2wSk5E9Fl485MgcxU9e0vrxPzNIQIuWRat1wnwXbGFAouYZT3Ug0J4wPWg5axEQtBt7PJbSN6akiHdmNlXoR0QucnMhZqPQwD0xky7OvF2hj+V2ul2L1qZyJKUoSITxd1U0kxpuOgaEco4CiHxjCuhPkr5X2mGEcTZ96E4C6evGzq5ZLrlNz7cqFyM4sjR47JCTknLrkkFXJHqqRGOHkiL+SNvFvP1qv1YX1OW1es2cwR+SPr+xdHsZ+o</latexit><latexit sha1_base64="hcpUzdUZlrf3sMB+59S2MUmwk8k=">AAACG3icbZC7SgNBFIZnvcZ4W7W0GUxEG8NuGm2EoI1lBHOBbFhmJyfJkNkLM2eFsOQ9bHwVGwtFrAQL38bJpYiJPwz8fOcczpw/SKTQ6Dg/1srq2vrGZm4rv72zu7dvHxzWdZwqDjUey1g1A6ZBighqKFBCM1HAwkBCIxjcjuuNR1BaxNEDDhNoh6wXia7gDA3y7XLRwz4gO6N+lgnfHeGIXtMpm0MX1ItD6BlULvp2wSk5E9Fl485MgcxU9e0vrxPzNIQIuWRat1wnwXbGFAouYZT3Ug0J4wPWg5axEQtBt7PJbSN6akiHdmNlXoR0QucnMhZqPQwD0xky7OvF2hj+V2ul2L1qZyJKUoSITxd1U0kxpuOgaEco4CiHxjCuhPkr5X2mGEcTZ96E4C6evGzq5ZLrlNz7cqFyM4sjR47JCTknLrkkFXJHqqRGOHkiL+SNvFvP1qv1YX1OW1es2cwR+SPr+xdHsZ+o</latexit><latexit sha1_base64="hcpUzdUZlrf3sMB+59S2MUmwk8k=">AAACG3icbZC7SgNBFIZnvcZ4W7W0GUxEG8NuGm2EoI1lBHOBbFhmJyfJkNkLM2eFsOQ9bHwVGwtFrAQL38bJpYiJPwz8fOcczpw/SKTQ6Dg/1srq2vrGZm4rv72zu7dvHxzWdZwqDjUey1g1A6ZBighqKFBCM1HAwkBCIxjcjuuNR1BaxNEDDhNoh6wXia7gDA3y7XLRwz4gO6N+lgnfHeGIXtMpm0MX1ItD6BlULvp2wSk5E9Fl485MgcxU9e0vrxPzNIQIuWRat1wnwXbGFAouYZT3Ug0J4wPWg5axEQtBt7PJbSN6akiHdmNlXoR0QucnMhZqPQwD0xky7OvF2hj+V2ul2L1qZyJKUoSITxd1U0kxpuOgaEco4CiHxjCuhPkr5X2mGEcTZ96E4C6evGzq5ZLrlNz7cqFyM4sjR47JCTknLrkkFXJHqqRGOHkiL+SNvFvP1qv1YX1OW1es2cwR+SPr+xdHsZ+o</latexit>

✓0i2t = ✓i2t + !2
<latexit sha1_base64="KpazgsJNsvSGUM0/OfUl4wpPDXE=">AAACG3icbZC7SgNBFIZnvcZ4i1raDCaiIITdbbQRgjaWEcwFkrDMTk6SIbMXZs4KYcl72PgqNhaKWAkWvo2TZIuY+MPAz3fO4cz5/VgKjbb9Y62srq1vbOa28ts7u3v7hYPDuo4SxaHGIxmpps80SBFCDQVKaMYKWOBLaPjD20m98QhKiyh8wFEMnYD1Q9ETnKFBXsEttXEAyM6ol6bCc8c4ptd0xubQBW1HAfQNckteoWiX7anosnEyUySZql7hq92NeBJAiFwyrVuOHWMnZQoFlzDOtxMNMeND1oeWsSELQHfS6W1jempIl/YiZV6IdErnJ1IWaD0KfNMZMBzoxdoE/ldrJdi76qQijBOEkM8W9RJJMaKToGhXKOAoR8YwroT5K+UDphhHE2fehOAsnrxs6m7ZscvOvVus3GRx5MgxOSHnxCGXpELuSJXUCCdP5IW8kXfr2Xq1PqzPWeuKlc0ckT+yvn8BR86fqA==</latexit><latexit sha1_base64="KpazgsJNsvSGUM0/OfUl4wpPDXE=">AAACG3icbZC7SgNBFIZnvcZ4i1raDCaiIITdbbQRgjaWEcwFkrDMTk6SIbMXZs4KYcl72PgqNhaKWAkWvo2TZIuY+MPAz3fO4cz5/VgKjbb9Y62srq1vbOa28ts7u3v7hYPDuo4SxaHGIxmpps80SBFCDQVKaMYKWOBLaPjD20m98QhKiyh8wFEMnYD1Q9ETnKFBXsEttXEAyM6ol6bCc8c4ptd0xubQBW1HAfQNckteoWiX7anosnEyUySZql7hq92NeBJAiFwyrVuOHWMnZQoFlzDOtxMNMeND1oeWsSELQHfS6W1jempIl/YiZV6IdErnJ1IWaD0KfNMZMBzoxdoE/ldrJdi76qQijBOEkM8W9RJJMaKToGhXKOAoR8YwroT5K+UDphhHE2fehOAsnrxs6m7ZscvOvVus3GRx5MgxOSHnxCGXpELuSJXUCCdP5IW8kXfr2Xq1PqzPWeuKlc0ckT+yvn8BR86fqA==</latexit><latexit sha1_base64="KpazgsJNsvSGUM0/OfUl4wpPDXE=">AAACG3icbZC7SgNBFIZnvcZ4i1raDCaiIITdbbQRgjaWEcwFkrDMTk6SIbMXZs4KYcl72PgqNhaKWAkWvo2TZIuY+MPAz3fO4cz5/VgKjbb9Y62srq1vbOa28ts7u3v7hYPDuo4SxaHGIxmpps80SBFCDQVKaMYKWOBLaPjD20m98QhKiyh8wFEMnYD1Q9ETnKFBXsEttXEAyM6ol6bCc8c4ptd0xubQBW1HAfQNckteoWiX7anosnEyUySZql7hq92NeBJAiFwyrVuOHWMnZQoFlzDOtxMNMeND1oeWsSELQHfS6W1jempIl/YiZV6IdErnJ1IWaD0KfNMZMBzoxdoE/ldrJdi76qQijBOEkM8W9RJJMaKToGhXKOAoR8YwroT5K+UDphhHE2fehOAsnrxs6m7ZscvOvVus3GRx5MgxOSHnxCGXpELuSJXUCCdP5IW8kXfr2Xq1PqzPWeuKlc0ckT+yvn8BR86fqA==</latexit><latexit sha1_base64="KpazgsJNsvSGUM0/OfUl4wpPDXE=">AAACG3icbZC7SgNBFIZnvcZ4i1raDCaiIITdbbQRgjaWEcwFkrDMTk6SIbMXZs4KYcl72PgqNhaKWAkWvo2TZIuY+MPAz3fO4cz5/VgKjbb9Y62srq1vbOa28ts7u3v7hYPDuo4SxaHGIxmpps80SBFCDQVKaMYKWOBLaPjD20m98QhKiyh8wFEMnYD1Q9ETnKFBXsEttXEAyM6ol6bCc8c4ptd0xubQBW1HAfQNckteoWiX7anosnEyUySZql7hq92NeBJAiFwyrVuOHWMnZQoFlzDOtxMNMeND1oeWsSELQHfS6W1jempIl/YiZV6IdErnJ1IWaD0KfNMZMBzoxdoE/ldrJdi76qQijBOEkM8W9RJJMaKToGhXKOAoR8YwroT5K+UDphhHE2fehOAsnrxs6m7ZscvOvVus3GRx5MgxOSHnxCGXpELuSJXUCCdP5IW8kXfr2Xq1PqzPWeuKlc0ckT+yvn8BR86fqA==</latexit>

1 � ✓i1t
<latexit sha1_base64="uHsWx3gEZUq2aJXvPi5wTD64g+U=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CbaCF0u2Fz0WvXisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNbjut1Xa2Nza3invVvb2Dw6P7OOTro5TRVmHxiJW/YBoJrhkHeAgWD9RjESBYL1gejv3e49MaR7LB8gS5kVkLHnIKQEj+Xa1ji+HMGFA/DznPp7BrO7bNbfhLuCsE1yQGirQ9u2v4SimacQkUEG0HmA3AS8nCjgVbFYZppolhE7JmA0MlSRi2ssXx8+cc6OMnDBWpiQ4C/X3RE4irbMoMJ0RgYle9ebif94ghfDay7lMUmCSLheFqXAgduZJOCOuGAWRGUKo4uZWh06IIhRMXhUTAl59eZ10mw3sNvB9s9a6KeIoo1N0hi4QRleohe5QG3UQRRl6Rq/ozXqyXqx362PZWrKKmSr6A+vzB9TTlDs=</latexit><latexit sha1_base64="uHsWx3gEZUq2aJXvPi5wTD64g+U=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CbaCF0u2Fz0WvXisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNbjut1Xa2Nza3invVvb2Dw6P7OOTro5TRVmHxiJW/YBoJrhkHeAgWD9RjESBYL1gejv3e49MaR7LB8gS5kVkLHnIKQEj+Xa1ji+HMGFA/DznPp7BrO7bNbfhLuCsE1yQGirQ9u2v4SimacQkUEG0HmA3AS8nCjgVbFYZppolhE7JmA0MlSRi2ssXx8+cc6OMnDBWpiQ4C/X3RE4irbMoMJ0RgYle9ebif94ghfDay7lMUmCSLheFqXAgduZJOCOuGAWRGUKo4uZWh06IIhRMXhUTAl59eZ10mw3sNvB9s9a6KeIoo1N0hi4QRleohe5QG3UQRRl6Rq/ozXqyXqx362PZWrKKmSr6A+vzB9TTlDs=</latexit><latexit sha1_base64="uHsWx3gEZUq2aJXvPi5wTD64g+U=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CbaCF0u2Fz0WvXisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNbjut1Xa2Nza3invVvb2Dw6P7OOTro5TRVmHxiJW/YBoJrhkHeAgWD9RjESBYL1gejv3e49MaR7LB8gS5kVkLHnIKQEj+Xa1ji+HMGFA/DznPp7BrO7bNbfhLuCsE1yQGirQ9u2v4SimacQkUEG0HmA3AS8nCjgVbFYZppolhE7JmA0MlSRi2ssXx8+cc6OMnDBWpiQ4C/X3RE4irbMoMJ0RgYle9ebif94ghfDay7lMUmCSLheFqXAgduZJOCOuGAWRGUKo4uZWh06IIhRMXhUTAl59eZ10mw3sNvB9s9a6KeIoo1N0hi4QRleohe5QG3UQRRl6Rq/ozXqyXqx362PZWrKKmSr6A+vzB9TTlDs=</latexit><latexit sha1_base64="uHsWx3gEZUq2aJXvPi5wTD64g+U=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CbaCF0u2Fz0WvXisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNbjut1Xa2Nza3invVvb2Dw6P7OOTro5TRVmHxiJW/YBoJrhkHeAgWD9RjESBYL1gejv3e49MaR7LB8gS5kVkLHnIKQEj+Xa1ji+HMGFA/DznPp7BrO7bNbfhLuCsE1yQGirQ9u2v4SimacQkUEG0HmA3AS8nCjgVbFYZppolhE7JmA0MlSRi2ssXx8+cc6OMnDBWpiQ4C/X3RE4irbMoMJ0RgYle9ebif94ghfDay7lMUmCSLheFqXAgduZJOCOuGAWRGUKo4uZWh06IIhRMXhUTAl59eZ10mw3sNvB9s9a6KeIoo1N0hi4QRleohe5QG3UQRRl6Rq/ozXqyXqx362PZWrKKmSr6A+vzB9TTlDs=</latexit>

1 � ✓i2t
<latexit sha1_base64="13BcXdwBycSxhD2NI5VOxx8/wX8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WWwFL5akFz0WvXisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1Xa2Nza3invVvb2Dw6P7OOTro5TRVmHxiJW/YBoJrhkHeAgWD9RjESBYL1gejv3e49MaR7LB8gS5kVkLHnIKQEj+Xa17l4OYcKA+HnO/eYMZnXfrjkNZwG8TtyC1FCBtm9/DUcxTSMmgQqi9cB1EvByooBTwWaVYapZQuiUjNnAUEkipr18cfwMnxtlhMNYmZKAF+rviZxEWmdRYDojAhO96s3F/7xBCuG1l3OZpMAkXS4KU4EhxvMk8IgrRkFkhhCquLkV0wlRhILJq2JCcFdfXifdZsN1Gu59s9a6KeIoo1N0hi6Qi65QC92hNuogijL0jF7Rm/VkvVjv1seytWQVM1X0B9bnD9ZblDw=</latexit><latexit sha1_base64="13BcXdwBycSxhD2NI5VOxx8/wX8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WWwFL5akFz0WvXisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1Xa2Nza3invVvb2Dw6P7OOTro5TRVmHxiJW/YBoJrhkHeAgWD9RjESBYL1gejv3e49MaR7LB8gS5kVkLHnIKQEj+Xa17l4OYcKA+HnO/eYMZnXfrjkNZwG8TtyC1FCBtm9/DUcxTSMmgQqi9cB1EvByooBTwWaVYapZQuiUjNnAUEkipr18cfwMnxtlhMNYmZKAF+rviZxEWmdRYDojAhO96s3F/7xBCuG1l3OZpMAkXS4KU4EhxvMk8IgrRkFkhhCquLkV0wlRhILJq2JCcFdfXifdZsN1Gu59s9a6KeIoo1N0hi6Qi65QC92hNuogijL0jF7Rm/VkvVjv1seytWQVM1X0B9bnD9ZblDw=</latexit><latexit sha1_base64="13BcXdwBycSxhD2NI5VOxx8/wX8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WWwFL5akFz0WvXisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1Xa2Nza3invVvb2Dw6P7OOTro5TRVmHxiJW/YBoJrhkHeAgWD9RjESBYL1gejv3e49MaR7LB8gS5kVkLHnIKQEj+Xa17l4OYcKA+HnO/eYMZnXfrjkNZwG8TtyC1FCBtm9/DUcxTSMmgQqi9cB1EvByooBTwWaVYapZQuiUjNnAUEkipr18cfwMnxtlhMNYmZKAF+rviZxEWmdRYDojAhO96s3F/7xBCuG1l3OZpMAkXS4KU4EhxvMk8IgrRkFkhhCquLkV0wlRhILJq2JCcFdfXifdZsN1Gu59s9a6KeIoo1N0hi6Qi65QC92hNuogijL0jF7Rm/VkvVjv1seytWQVM1X0B9bnD9ZblDw=</latexit><latexit sha1_base64="13BcXdwBycSxhD2NI5VOxx8/wX8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WWwFL5akFz0WvXisYD+gDWGz3bRLN5uwOxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1Xa2Nza3invVvb2Dw6P7OOTro5TRVmHxiJW/YBoJrhkHeAgWD9RjESBYL1gejv3e49MaR7LB8gS5kVkLHnIKQEj+Xa17l4OYcKA+HnO/eYMZnXfrjkNZwG8TtyC1FCBtm9/DUcxTSMmgQqi9cB1EvByooBTwWaVYapZQuiUjNnAUEkipr18cfwMnxtlhMNYmZKAF+rviZxEWmdRYDojAhO96s3F/7xBCuG1l3OZpMAkXS4KU4EhxvMk8IgrRkFkhhCquLkV0wlRhILJq2JCcFdfXifdZsN1Gu59s9a6KeIoo1N0hi6Qi65QC92hNuogijL0jF7Rm/VkvVjv1seytWQVM1X0B9bnD9ZblDw=</latexit>

E(✓0i1t) = E(✓i1t)
<latexit sha1_base64="TtmaAUuUXTY1sR6bku7jCyjwFsM=">AAACI3icbVDLSsNAFJ3UV62vqEs3wVasm5J0owhCUQSXFewDmhIm00k7dPJg5kYoIf/ixl9x40Ipblz4L07TgNp64MLhnHu59x434kyCaX5qhZXVtfWN4mZpa3tnd0/fP2jLMBaEtkjIQ9F1saScBbQFDDjtRoJi3+W0445vZn7nkQrJwuABJhHt+3gYMI8RDEpy9MuK7WMYSS+5Tas2jCjgUydJmGOlkJ5dLZk/XsXRy2bNzGAsEysnZZSj6ehTexCS2KcBEI6l7FlmBP0EC2CE07Rkx5JGmIzxkPYUDbBPZT/JfkyNE6UMDC8UqgIwMvX3RIJ9KSe+qzqzmxe9mfif14vBu+gnLIhioAGZL/JibkBozAIzBkxQAnyiCCaCqVsNMsICE1CxllQI1uLLy6Rdr1lmzbqvlxvXeRxFdISOURVZ6Bw10B1qohYi6Am9oDf0rj1rr9pU+5i3FrR85hD9gfb1DY3CpM8=</latexit><latexit sha1_base64="TtmaAUuUXTY1sR6bku7jCyjwFsM=">AAACI3icbVDLSsNAFJ3UV62vqEs3wVasm5J0owhCUQSXFewDmhIm00k7dPJg5kYoIf/ixl9x40Ipblz4L07TgNp64MLhnHu59x434kyCaX5qhZXVtfWN4mZpa3tnd0/fP2jLMBaEtkjIQ9F1saScBbQFDDjtRoJi3+W0445vZn7nkQrJwuABJhHt+3gYMI8RDEpy9MuK7WMYSS+5Tas2jCjgUydJmGOlkJ5dLZk/XsXRy2bNzGAsEysnZZSj6ehTexCS2KcBEI6l7FlmBP0EC2CE07Rkx5JGmIzxkPYUDbBPZT/JfkyNE6UMDC8UqgIwMvX3RIJ9KSe+qzqzmxe9mfif14vBu+gnLIhioAGZL/JibkBozAIzBkxQAnyiCCaCqVsNMsICE1CxllQI1uLLy6Rdr1lmzbqvlxvXeRxFdISOURVZ6Bw10B1qohYi6Am9oDf0rj1rr9pU+5i3FrR85hD9gfb1DY3CpM8=</latexit><latexit sha1_base64="TtmaAUuUXTY1sR6bku7jCyjwFsM=">AAACI3icbVDLSsNAFJ3UV62vqEs3wVasm5J0owhCUQSXFewDmhIm00k7dPJg5kYoIf/ixl9x40Ipblz4L07TgNp64MLhnHu59x434kyCaX5qhZXVtfWN4mZpa3tnd0/fP2jLMBaEtkjIQ9F1saScBbQFDDjtRoJi3+W0445vZn7nkQrJwuABJhHt+3gYMI8RDEpy9MuK7WMYSS+5Tas2jCjgUydJmGOlkJ5dLZk/XsXRy2bNzGAsEysnZZSj6ehTexCS2KcBEI6l7FlmBP0EC2CE07Rkx5JGmIzxkPYUDbBPZT/JfkyNE6UMDC8UqgIwMvX3RIJ9KSe+qzqzmxe9mfif14vBu+gnLIhioAGZL/JibkBozAIzBkxQAnyiCCaCqVsNMsICE1CxllQI1uLLy6Rdr1lmzbqvlxvXeRxFdISOURVZ6Bw10B1qohYi6Am9oDf0rj1rr9pU+5i3FrR85hD9gfb1DY3CpM8=</latexit><latexit sha1_base64="TtmaAUuUXTY1sR6bku7jCyjwFsM=">AAACI3icbVDLSsNAFJ3UV62vqEs3wVasm5J0owhCUQSXFewDmhIm00k7dPJg5kYoIf/ixl9x40Ipblz4L07TgNp64MLhnHu59x434kyCaX5qhZXVtfWN4mZpa3tnd0/fP2jLMBaEtkjIQ9F1saScBbQFDDjtRoJi3+W0445vZn7nkQrJwuABJhHt+3gYMI8RDEpy9MuK7WMYSS+5Tas2jCjgUydJmGOlkJ5dLZk/XsXRy2bNzGAsEysnZZSj6ehTexCS2KcBEI6l7FlmBP0EC2CE07Rkx5JGmIzxkPYUDbBPZT/JfkyNE6UMDC8UqgIwMvX3RIJ9KSe+qzqzmxe9mfif14vBu+gnLIhioAGZL/JibkBozAIzBkxQAnyiCCaCqVsNMsICE1CxllQI1uLLy6Rdr1lmzbqvlxvXeRxFdISOURVZ6Bw10B1qohYi6Am9oDf0rj1rr9pU+5i3FrR85hD9gfb1DY3CpM8=</latexit>

E(✓0i2t) = E(✓i2t)
<latexit sha1_base64="e9u83BpB0hHWZ/6xsDVoZ9Cqo3k=">AAACI3icbVDLSsNAFJ3UV62vqEs3wVasm5J0owhCUQSXFewDmhIm00k7dPJg5kYoIf/ixl9x40Ipblz4L07TgNp64MLhnHu59x434kyCaX5qhZXVtfWN4mZpa3tnd0/fP2jLMBaEtkjIQ9F1saScBbQFDDjtRoJi3+W0445vZn7nkQrJwuABJhHt+3gYMI8RDEpy9MuK7WMYSS+5Tas2jCjgUydJmFNPIT27WjJ/vIqjl82amcFYJlZOyihH09Gn9iAksU8DIBxL2bPMCPoJFsAIp2nJjiWNMBnjIe0pGmCfyn6S/ZgaJ0oZGF4oVAVgZOrviQT7Uk58V3VmNy96M/E/rxeDd9FPWBDFQAMyX+TF3IDQmAVmDJigBPhEEUwEU7caZIQFJqBiLakQrMWXl0m7XrPMmnVfLzeu8ziK6Agdoyqy0DlqoDvURC1E0BN6QW/oXXvWXrWp9jFvLWj5zCH6A+3rG5DwpNE=</latexit><latexit sha1_base64="e9u83BpB0hHWZ/6xsDVoZ9Cqo3k=">AAACI3icbVDLSsNAFJ3UV62vqEs3wVasm5J0owhCUQSXFewDmhIm00k7dPJg5kYoIf/ixl9x40Ipblz4L07TgNp64MLhnHu59x434kyCaX5qhZXVtfWN4mZpa3tnd0/fP2jLMBaEtkjIQ9F1saScBbQFDDjtRoJi3+W0445vZn7nkQrJwuABJhHt+3gYMI8RDEpy9MuK7WMYSS+5Tas2jCjgUydJmFNPIT27WjJ/vIqjl82amcFYJlZOyihH09Gn9iAksU8DIBxL2bPMCPoJFsAIp2nJjiWNMBnjIe0pGmCfyn6S/ZgaJ0oZGF4oVAVgZOrviQT7Uk58V3VmNy96M/E/rxeDd9FPWBDFQAMyX+TF3IDQmAVmDJigBPhEEUwEU7caZIQFJqBiLakQrMWXl0m7XrPMmnVfLzeu8ziK6Agdoyqy0DlqoDvURC1E0BN6QW/oXXvWXrWp9jFvLWj5zCH6A+3rG5DwpNE=</latexit><latexit sha1_base64="e9u83BpB0hHWZ/6xsDVoZ9Cqo3k=">AAACI3icbVDLSsNAFJ3UV62vqEs3wVasm5J0owhCUQSXFewDmhIm00k7dPJg5kYoIf/ixl9x40Ipblz4L07TgNp64MLhnHu59x434kyCaX5qhZXVtfWN4mZpa3tnd0/fP2jLMBaEtkjIQ9F1saScBbQFDDjtRoJi3+W0445vZn7nkQrJwuABJhHt+3gYMI8RDEpy9MuK7WMYSS+5Tas2jCjgUydJmFNPIT27WjJ/vIqjl82amcFYJlZOyihH09Gn9iAksU8DIBxL2bPMCPoJFsAIp2nJjiWNMBnjIe0pGmCfyn6S/ZgaJ0oZGF4oVAVgZOrviQT7Uk58V3VmNy96M/E/rxeDd9FPWBDFQAMyX+TF3IDQmAVmDJigBPhEEUwEU7caZIQFJqBiLakQrMWXl0m7XrPMmnVfLzeu8ziK6Agdoyqy0DlqoDvURC1E0BN6QW/oXXvWXrWp9jFvLWj5zCH6A+3rG5DwpNE=</latexit><latexit sha1_base64="e9u83BpB0hHWZ/6xsDVoZ9Cqo3k=">AAACI3icbVDLSsNAFJ3UV62vqEs3wVasm5J0owhCUQSXFewDmhIm00k7dPJg5kYoIf/ixl9x40Ipblz4L07TgNp64MLhnHu59x434kyCaX5qhZXVtfWN4mZpa3tnd0/fP2jLMBaEtkjIQ9F1saScBbQFDDjtRoJi3+W0445vZn7nkQrJwuABJhHt+3gYMI8RDEpy9MuK7WMYSS+5Tas2jCjgUydJmFNPIT27WjJ/vIqjl82amcFYJlZOyihH09Gn9iAksU8DIBxL2bPMCPoJFsAIp2nJjiWNMBnjIe0pGmCfyn6S/ZgaJ0oZGF4oVAVgZOrviQT7Uk58V3VmNy96M/E/rxeDd9FPWBDFQAMyX+TF3IDQmAVmDJigBPhEEUwEU7caZIQFJqBiLakQrMWXl0m7XrPMmnVfLzeu8ziK6Agdoyqy0DlqoDvURC1E0BN6QW/oXXvWXrWp9jFvLWj5zCH6A+3rG5DwpNE=</latexit>

!1

!1+!2<latexit sha1_base64="g4XMQJRt9WVujftmIfeCvuU3mBs=">AAACD3icbVBLS8NAGNzUV62vqEcvwVYRhJL0oseiF48V7AOaEDbbTbt0H2F3I5SQf+DFv+LFgyJevXrz37htg2jrwMLszHzsfhMllCjtul9WaWV1bX2jvFnZ2t7Z3bP3DzpKpBLhNhJUyF4EFaaE47YmmuJeIjFkEcXdaHw99bv3WCoi+J2eJDhgcMhJTBDURgrt01qW+YLhIQy93Bcm+nM9L0gjz2uhXXXr7gzOMvEKUgUFWqH96Q8EShnmGlGoVN9zEx1kUGqCKM4rfqpwAtEYDnHfUA4ZVkE22yd3TowycGIhzeHamam/JzLIlJqwyCQZ1CO16E3F/7x+quPLICM8STXmaP5QnFJHC2dajjMgEiNNJ4ZAJIn5q4NGUEKkTYUVU4K3uPIy6TTqnlv3bhvV5lVRRxkcgWNwBjxwAZrgBrRAGyDwAJ7AC3i1Hq1n6816n0dLVjFzCP7A+vgGynSceA==</latexit><latexit sha1_base64="g4XMQJRt9WVujftmIfeCvuU3mBs=">AAACD3icbVBLS8NAGNzUV62vqEcvwVYRhJL0oseiF48V7AOaEDbbTbt0H2F3I5SQf+DFv+LFgyJevXrz37htg2jrwMLszHzsfhMllCjtul9WaWV1bX2jvFnZ2t7Z3bP3DzpKpBLhNhJUyF4EFaaE47YmmuJeIjFkEcXdaHw99bv3WCoi+J2eJDhgcMhJTBDURgrt01qW+YLhIQy93Bcm+nM9L0gjz2uhXXXr7gzOMvEKUgUFWqH96Q8EShnmGlGoVN9zEx1kUGqCKM4rfqpwAtEYDnHfUA4ZVkE22yd3TowycGIhzeHamam/JzLIlJqwyCQZ1CO16E3F/7x+quPLICM8STXmaP5QnFJHC2dajjMgEiNNJ4ZAJIn5q4NGUEKkTYUVU4K3uPIy6TTqnlv3bhvV5lVRRxkcgWNwBjxwAZrgBrRAGyDwAJ7AC3i1Hq1n6816n0dLVjFzCP7A+vgGynSceA==</latexit><latexit sha1_base64="g4XMQJRt9WVujftmIfeCvuU3mBs=">AAACD3icbVBLS8NAGNzUV62vqEcvwVYRhJL0oseiF48V7AOaEDbbTbt0H2F3I5SQf+DFv+LFgyJevXrz37htg2jrwMLszHzsfhMllCjtul9WaWV1bX2jvFnZ2t7Z3bP3DzpKpBLhNhJUyF4EFaaE47YmmuJeIjFkEcXdaHw99bv3WCoi+J2eJDhgcMhJTBDURgrt01qW+YLhIQy93Bcm+nM9L0gjz2uhXXXr7gzOMvEKUgUFWqH96Q8EShnmGlGoVN9zEx1kUGqCKM4rfqpwAtEYDnHfUA4ZVkE22yd3TowycGIhzeHamam/JzLIlJqwyCQZ1CO16E3F/7x+quPLICM8STXmaP5QnFJHC2dajjMgEiNNJ4ZAJIn5q4NGUEKkTYUVU4K3uPIy6TTqnlv3bhvV5lVRRxkcgWNwBjxwAZrgBrRAGyDwAJ7AC3i1Hq1n6816n0dLVjFzCP7A+vgGynSceA==</latexit><latexit sha1_base64="g4XMQJRt9WVujftmIfeCvuU3mBs=">AAACD3icbVBLS8NAGNzUV62vqEcvwVYRhJL0oseiF48V7AOaEDbbTbt0H2F3I5SQf+DFv+LFgyJevXrz37htg2jrwMLszHzsfhMllCjtul9WaWV1bX2jvFnZ2t7Z3bP3DzpKpBLhNhJUyF4EFaaE47YmmuJeIjFkEcXdaHw99bv3WCoi+J2eJDhgcMhJTBDURgrt01qW+YLhIQy93Bcm+nM9L0gjz2uhXXXr7gzOMvEKUgUFWqH96Q8EShnmGlGoVN9zEx1kUGqCKM4rfqpwAtEYDnHfUA4ZVkE22yd3TowycGIhzeHamam/JzLIlJqwyCQZ1CO16E3F/7x+quPLICM8STXmaP5QnFJHC2dajjMgEiNNJ4ZAJIn5q4NGUEKkTYUVU4K3uPIy6TTqnlv3bhvV5lVRRxkcgWNwBjxwAZrgBrRAGyDwAJ7AC3i1Hq1n6816n0dLVjFzCP7A+vgGynSceA==</latexit>

!2

!1+!2<latexit sha1_base64="y7qjDePw3hs81llR1xPmdBOpxmE=">AAACD3icbVBLS8NAGNz4rPUV9egl2CqCUJJe9Fj04rGCfUATwma7aZfuI+xuhBLyD7z4V7x4UMSrV2/+G7dtFG0dWJidmY/db6KEEqVd99NaWl5ZXVsvbZQ3t7Z3du29/bYSqUS4hQQVshtBhSnhuKWJpribSAxZRHEnGl1N/M4dlooIfqvHCQ4YHHASEwS1kUL7pJplvmB4AMN67gsT/b56Zz96Xg3tiltzp3AWiVeQCijQDO0Pvy9QyjDXiEKlep6b6CCDUhNEcV72U4UTiEZwgHuGcsiwCrLpPrlzbJS+EwtpDtfOVP09kUGm1JhFJsmgHqp5byL+5/VSHV8EGeFJqjFHs4filDpaOJNynD6RGGk6NgQiScxfHTSEEiJtKiybErz5lRdJu17z3Jp3U680Los6SuAQHIFT4IFz0ADXoAlaAIF78AiewYv1YD1Zr9bbLLpkFTMH4A+s9y/ME5x5</latexit><latexit sha1_base64="y7qjDePw3hs81llR1xPmdBOpxmE=">AAACD3icbVBLS8NAGNz4rPUV9egl2CqCUJJe9Fj04rGCfUATwma7aZfuI+xuhBLyD7z4V7x4UMSrV2/+G7dtFG0dWJidmY/db6KEEqVd99NaWl5ZXVsvbZQ3t7Z3du29/bYSqUS4hQQVshtBhSnhuKWJpribSAxZRHEnGl1N/M4dlooIfqvHCQ4YHHASEwS1kUL7pJplvmB4AMN67gsT/b56Zz96Xg3tiltzp3AWiVeQCijQDO0Pvy9QyjDXiEKlep6b6CCDUhNEcV72U4UTiEZwgHuGcsiwCrLpPrlzbJS+EwtpDtfOVP09kUGm1JhFJsmgHqp5byL+5/VSHV8EGeFJqjFHs4filDpaOJNynD6RGGk6NgQiScxfHTSEEiJtKiybErz5lRdJu17z3Jp3U680Los6SuAQHIFT4IFz0ADXoAlaAIF78AiewYv1YD1Zr9bbLLpkFTMH4A+s9y/ME5x5</latexit><latexit sha1_base64="y7qjDePw3hs81llR1xPmdBOpxmE=">AAACD3icbVBLS8NAGNz4rPUV9egl2CqCUJJe9Fj04rGCfUATwma7aZfuI+xuhBLyD7z4V7x4UMSrV2/+G7dtFG0dWJidmY/db6KEEqVd99NaWl5ZXVsvbZQ3t7Z3du29/bYSqUS4hQQVshtBhSnhuKWJpribSAxZRHEnGl1N/M4dlooIfqvHCQ4YHHASEwS1kUL7pJplvmB4AMN67gsT/b56Zz96Xg3tiltzp3AWiVeQCijQDO0Pvy9QyjDXiEKlep6b6CCDUhNEcV72U4UTiEZwgHuGcsiwCrLpPrlzbJS+EwtpDtfOVP09kUGm1JhFJsmgHqp5byL+5/VSHV8EGeFJqjFHs4filDpaOJNynD6RGGk6NgQiScxfHTSEEiJtKiybErz5lRdJu17z3Jp3U680Los6SuAQHIFT4IFz0ADXoAlaAIF78AiewYv1YD1Zr9bbLLpkFTMH4A+s9y/ME5x5</latexit><latexit sha1_base64="y7qjDePw3hs81llR1xPmdBOpxmE=">AAACD3icbVBLS8NAGNz4rPUV9egl2CqCUJJe9Fj04rGCfUATwma7aZfuI+xuhBLyD7z4V7x4UMSrV2/+G7dtFG0dWJidmY/db6KEEqVd99NaWl5ZXVsvbZQ3t7Z3du29/bYSqUS4hQQVshtBhSnhuKWJpribSAxZRHEnGl1N/M4dlooIfqvHCQ4YHHASEwS1kUL7pJplvmB4AMN67gsT/b56Zz96Xg3tiltzp3AWiVeQCijQDO0Pvy9QyjDXiEKlep6b6CCDUhNEcV72U4UTiEZwgHuGcsiwCrLpPrlzbJS+EwtpDtfOVP09kUGm1JhFJsmgHqp5byL+5/VSHV8EGeFJqjFHs4filDpaOJNynD6RGGk6NgQiScxfHTSEEiJtKiybErz5lRdJu17z3Jp3U680Los6SuAQHIFT4IFz0ADXoAlaAIF78AiewYv1YD1Zr9bbLLpkFTMH4A+s9y/ME5x5</latexit>

Figure: Illustration of Algorithm 2
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Nontrivial Rounding Algorithm (i.e., Algorithm 2)

Algorithm 2: Randomized dependent rounding, ∀t

1 To round z̃t, replace ūit by z̄it , ûit by z̃it , and Ui by Ci , ∀i ;
2 To round y∗t, replace ūit by ȳit , ûit by y∗it , and Ui by 1

Ri
, ∀i ;

3 θit
def
= ûit − bûitc, ∀i , I′t

def
= I \ {i | θit ∈ {0, 1}};

4 while |I′t | > 1 do

5 Select i1, i2 ∈ I′, where i1 6= i2;

6 ω1
def
= min{1− θi1t ,

Ui2
Ui1
θi2t}, ω2

def
= min{θi1t ,

Ui2
Ui1

(1− θi2t)};

7 With the probability ω2
ω1+ω2

, set θ′i1t = θi1t + ω1 , θ
′
i2t

= θi2t −
Ui1
Ui2
ω1;

8 With the probability ω1
ω1+ω2

, set θ′i1t = θi1t − ω2 , θ
′
i2t

= θi2t +
Ui1
Ui2
ω2;

9 Set ūi1t =
⌊
ûi1t
⌋

+ θ′i1t , I
′
t = I′t \ {i1}, if θ′i1t ∈ {0, 1};

10 Set ūi2t =
⌊
ûi2t
⌋

+ θ′i2t , I
′
t = I′t \ {i2}, if θ′i2t ∈ {0, 1};

11 end

12 if |I′t | = 1 then
13 Set ūit = dûite for the only i ∈ I′t ;
14 end
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Performance Analysis

We can establish the following:

E(P({x∗∗t , ȳt, z̄t, ∀t})) (6a)

≤ r2P({x̃t, ỹt, z̃t, ∀t}) ← Rounding (6b)

≤ r1r2D({π(x̃t, ỹt, z̃t), ∀t}) ← Regularization (6c)

≤ r1r2P({x̃t, ỹt, z̃t,∀t}) ←Weak duality (6d)

≤ r1r2POPT ← Relaxation (6e)

“E” refers to expectation, as we use randomized rounding.

r2 is the multiplicative approximation ratio due to dependent rounding.

r1 is the multiplicative approximation ratio due to regularization.

r1r2 is the competitive ratio.
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Performance Analysis

Theorem 1: We can prove P({x̃t, ỹt, z̃t, ∀t})≤r1D({π(x̃t, ỹt, z̃t), ∀t}), where
r1 = 1 + (1 + ε) ln(1 + 1

ε
)
∑

i
Ci
Ri

+ maxi{(Ci + ε) ln(1 + Ci
ε

)}
∑

i
1
Ri

.

Proof sketch: using P̃t’s KKT conditions to bound the static (i.e., delay plus
operation) cost and the dynamic (i.e., switching) cost respectively

Theorem 2: We can prove E(P({x∗∗t , ȳt, z̄t, ∀t}))≤r2P({x̃t, ỹt, z̃t, ∀t}), where
r2 = δx + δy + δz + δw + δv , κ = maxt

maxi Ci
mini Ri

∑
j λjt

, and

δx = (1 + κ)
maxi,j dij
mini Ri

maxi,t
Ci

pbit
,

δy = (1 + κ) maxi,t p
s
it maxi,t

Ci

pbit
,

δz = (1 + κ) maxi,t
pbit
Ci

maxi,t
Ci

pbit
,

δw = (1 + κ) maxi c
s
i maxi,t

Ci

pbit
,

δv = (1 + κ) maxi
cbi
Ci

maxi,t
Ci

pbit
.

Proof sketch: using the definition of Algorithm 2 to show (x∗t , y
∗
t ) always

exists, given z̄t; x∗∗t always exists, given (ȳt, z̄t).
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Numerical Study: Settings

Cloudlets and Delay

Envisage cloudlet deployments at London underground stations

Use 100 largest stations based on annual passenger count

Use geographic distance to represent delay

Workload

Quarterly (i.e., 15 min.) passenger numbers at each station obtained from
Transport for London for Nov. 2016
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Figure: Dynamic inputs

Electricity Price (Unit Operating Cost)

European Electricity Index (ELIX) reported by EPEX SPOT for Monday,
Nov. 14 through Sunday, Nov. 20, 2016.
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Numerical Study: Settings (Cont.)

Cloud Capacity

Use the workload to estimate the cloudlet capacity

Algorithms for Comparison

reg+r: (our algorithm) regularization, randomized pairwise rounding;

lcp+r: the existing Lazy Capacity Provisioning algorithm, randomized
pairwise rounding;

grb: Gurobi, the state-of-the-art mixed integer linear program solver
(one-shot optimum)

grb(s): Gurobi for server control (i.e., single granularity)—an cloudlet is
on if the number of servers is non-zero, and is off otherwise.
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Numerical Study: Settings (Cont.)

For combinations of different fractional online algorithms and rounding
algorithms, we further compare our algorithm reg+r to

ipt+d: IPOPT, deterministic rounding (rounding all variables up)

reg+d: regularization, deterministic rounding

ipt+r: IPOPT, randomized pairwise rounding

where IPOPT is the state-of-the-art interior point convex program solver.

Weights and PUE

We vary the weight χ of the switching cost for both cloudlets and servers.
Specifically, we vary logχ as an integer in [0, 4].

We vary the PUE in [1, 2] for the cloudlet operating cost; we always set 1
as the weight of the server operating cost.
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Numerical Study: Results
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Figure: Impact of switching cost
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Figure: Impact of the PUE

reg+r incurs 15% ∼ 65% less cost than lcp+r, grb, and grb(s).
As the weight grows, the gap between reg+r and others expands.
As the PUE grows, the gap between reg+r and others shrinks.
lcp+r does not do well, as its Lazy Capacity Principle cannot suit well for
the multi-granularity control.
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Numerical Study: Results (Cont.)
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Figure: Algorithm combinations
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Figure: Execution time

reg+r incurs 5% ∼ 25% less cost than the next best algorithm.
For all rounding algorithms, our regularization algorithm reg is better.
For all fractional online algorithms, our randomized rounding r is better.

grb is rather unscalable; ipt+r and our reg+r scale much better and
the execution time grows more slowly.
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Take away messages

Different from large data centers, turning on/off cloudlets or small data
centers makes sense to save their energy consumption.
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Different from large data centers, turning on/off cloudlets or small data
centers makes sense to save their energy consumption.

Proposing an online approximation algorithm with regularization and
dependent rounding technique, which is a general tool to deal with the
optimization problem including the “ramp objective” such as [xt − xt−1]+
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Take away messages

Different from large data centers, turning on/off cloudlets or small data
centers makes sense to save their energy consumption.

Proposing an online approximation algorithm with regularization and
dependent rounding technique, which is a general tool to deal with the
optimization problem including the “ramp objective” such as [xt − xt−1]+

Exploiting the real traces of city underground stations or Starbuck
locations may be an alternative choice for cloudlets or edge clouds
simulations

Multiple Granularity Online Control of Cloudlet Networks for Edge Computing IEEE SECON 2018, Lingjun Pu (NKU)



Take away messages

Different from large data centers, turning on/off cloudlets or small data
centers makes sense to save their energy consumption.

Proposing an online approximation algorithm with regularization and
dependent rounding technique, which is a general tool to deal with the
optimization problem including the “ramp objective” such as [xt − xt−1]+

Exploiting the real traces of city underground stations or Starbuck
locations could be a choice for cloudlets or edge clouds simulations

Tighter theoretical bound will be explored (e.g., using different regularizer
and/or designing novel rounding policies)
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Take away messages

Different from large data centers, turning on/off cloudlets or small data
centers makes sense to save their energy consumption.

Proposing an online approximation algorithm with regularization and
dependent rounding technique, which is a general tool to deal with the
optimization problem including the “ramp objective” such as [xt − xt−1]+

Exploiting the real traces of city underground stations or Starbuck
locations could be a choice for cloudlets or edge clouds simulations

Tighter theoretical bound will be explored (e.g., using different regularizer
and/or designing novel rounding policies)

Ramp objective + Ramp constraints???
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